The reliability based optimization (RBO) issue of composite laminates under fundamental frequency constraint is studied. Considering the uncertainties of material properties, the frequency constraint reliability of the structure is evaluated by the combination of response surface method (RSM) and finite element method. An optimization algorithm is developed based on the mechanism of laminate frequency characteristics, to optimize the laminate in terms of the ply amount and orientation angles. Numerical examples of composite laminates and cylindrical shell illustrate the advantages of the present optimization algorithm on the efficiency and applicability respects.
Introduction 1
Owing to the advanced elastic properties and tailoring capability, as well as the potential for incorporating optimum techniques into the design of candidate structures, composite materials are comprehensively used in the structures of aerospace, marine, and automobile engineering. Dynamic properties of composites are analyzed for investigating structural issues [1] [2] [3] [4] [5] and optimal designs of composites with frequency objective or constraint are carried out extensively [6] [7] [8] [9] . For example, the fundamental vibration frequencies of structures should be restricted to avoid resonance, and the minimum separation between the lowest bending and torsional frequencies of composite wings may *Corresponding author. Tel.: +86-10-82315634.
E-mail address: yingyan@buaa.edu.cn Foundation item: National Natural Science Foundation of China (51412060104HK0123) be governed to improve the flutter characteristics of an aircraft. Optimization of composite structures under natural frequency constraints was conducted by Fukunaga [10] , where only the thickness of each ply in a laminate is taken as the design variable. Laminate is optimized by Adali [11] in terms of ply thicknesses and orientations under the fundamental frequency constraint, to reduce the cost of laminate. Also, the optimization algorithm of laminate frequency issue has been studied by Narita [12] [13] , which is seen to be efficient.
However, most of the current studies are limited to under the deterministic conditions, without considering the effects of the uncertainties in the structures. In fact, deterministic optimal designs of composites are strongly anisotropic and sensitive to the change of environment because of the large dispersity degrees of composite material proper-ties [14] [15] [16] . Recently, the methodology of reliability based optimization (RBO) is developed to solve the uncertainties of composite structures. However, only some RBO has been realized in the dynamic domain. In the field of isotropic material, RBO is implemented to the metal truss structure by Chen [17] [18] , where the effects of uncertainties are seen to be remarkable in the structural response. For the case of composite structures, it is difficult to get the explicit function of structural response so that more efficient methods are needed for RBO, for example, the response surface method developed by Bucher [19] . In this article, the RBO of composite laminates under fundamental frequency constraint is studied. Reliability assessment is carried out by the combination of response surface method and finite element method. The optimization algorithm is proposed based on the mechanism of laminate frequency response, to optimize the laminate in terms of the ply amount and orientation angles. Numerical examples show that the presented algorithm is more efficient and suitable for the RBO issue, and the advantages of the RBO results indicate that considering uncertainties in the frequency constraint optimization of composite structures is highly necessary.
Reliability Analysis
The aim of structural reliability analysis is to get the probability of structural failure, while the failure state is denoted by the limit state function. In this article, it is defined that failure occurs when the structural fundamental frequency F does not exceed the given frequency o F . Therefore, the limit state function of the structure is written as follows
where X is the uncorrelated and normal vector, which consists of the basic random variables (BRV), including elastic constants and density of composite materials. g(X) > 0, g(X) < 0, and g(X) = 0 represent the safety, failure, and limit state, respectively. Hence, the failure probability can be calculated by
where f (X) stands for the probability density function over the failure domain. [19] proposed a fast and efficient RSF, which contains constant, linear, and square terms, as shown in Eq.(3).
where g * (X) represents the RSF, x i is the ith member of BRV vector, and a 0 , b i , and c i stand for the coefficients to be determined by the sampling points. Hence, only 2n+1 sampling points are needed to construct the RSF. Then, this RSM is extended to a process with more iteration containing the convergence condition, which has been proved to be effective in engineering efforts. In this article, frequency analysis is carried out with NASTRAN, and the Bucher's RSF [19] is introduced to evaluate the frequency constraint reliability of composite structure. The searching process of P f is as follows (1) In the first cycle, the central point is set as X = X M , where, X M is the mean value vector of BRV.
(2) In the jth cycle, the frequency analysis is performed for k sampling points in the neighborhood of X, and
T is formed using the values obtained from limit state function Eq. (1), where, k > 2n+1. Then, the coefficients a 0 , b i , and c i are determined by the least-square method, and then the RSF is obtained. (3) The reliability is calculated by applying the geometrical method [20] Minimizing 2 
where i and i stand for the mean value and coefficient of the ith BRV, respectively. The corresponding point is noted as X * .
(4) If | j -j-1 | < where is a small number, then, the iteration is terminated. Otherwise, the new central point X for the (j+1)th cycle is found through interpolation
and proceeded to
Step (2) . At the end of the searching process, the reliability is obtained, and then, the failure probability P f is calculated by
3 Optimization Algorithm
Optimization Problem
The present study is to find an optimal laminate configuration with minimum total thickness satisfying the reliability constraint of fundamental frequency, i.e., o f ( ) 5 % P F F , in terms of the ply amount and ply orientation of each layer. The laminates studied here are symmetrically plied and the thickness of each layer is set to be constant; hence, the problem corresponds to searching for the least half ply amount. The optimization problem is formulated as follows
Minimizing
where N is the half of the total ply amount and i is the ply orientation of the ith layer. The ply orientation is specified as {0°, -45°, 45°, 90°} since it is most commonly used in practice.
Owing to the large amount of calculation needed for the reliability assessment, efficient optimization algorithm is required to reduce the work load of the calculation. Hence, the algorithm presented in this article is developed based on the specific mechanism of composite laminate, which is different from all-purpose algorithms. This algorithm consists of two stages, the deterministic stage and the RBO stage.
Optimization algorithm
In the deterministic stage, a deterministic algorithm is applied for the minimum N under the frequency constraint F > o F , while the uncertainties of material parameters are not considered. The deterministic algorithm is based on two principles.
Firstly, the physical observation of Narita [12] is utilized in the algorithm, that is, the outer layer of laminate has more stiffening effect on the bending than that of the inner layer and more influence on the natural frequency. Narita proposed a layerwise optimization approach to maximize the fundamental frequency of a constant-thickness laminated plate by determining the layer orientations in sequential order from the outermost layer to the innermost layer. The algorithm was proved to be highly efficient and globally optimal by Narita's later study [13] . The approach was also introduced into Adali's study [11] for the variable thickness case and was proved efficient and globally optimal. Secondly, the correlation between the fundamental frequency and thickness of the laminate exists, which has been found by the authors, and is applied to the presented algorithm. A survey has been performed on the fundamental frequency of a symmetrically laminated 2N-layered plate, and each layer has the same thickness. Fig.1 depicts the searching processes of the maximum fundamental frequencies of laminates with different thicknesses, using the layerwise optimization approach. The ply amount N varies from 3 to 10 and i is initialized as 0° at the beginning of each searching process. In Fig.1 , the fundamental frequency of each 2N-layered plate increases with the optimization by determining the layer orientations in sequential order from the outermost layer to the innermost layer. Also, it should be noted that the maximum frequency rises with the increase of thickness N but not all the stacking sequences of the thicker laminate have higher fundamental frequencies than those of the thinner laminate. Therefore, it can be concluded that laminates of different thicknesses may have the same fundamental frequency. After the deterministic stage is complete, reliability assessment is established for the deterministic optimal solution, and if the reliability constraint is satisfied, i.e., P f < 5%, the solution will be the RBO optimal solution; otherwise, the RBO stage will be performed. During the RBO stage, the search of the maximum fundamental frequency is continued, and the reliability constraint is verified when F > o F . N should be increased if the stacking sequence of the maximum F cannot meet the requirement of reliability. Finally, the stacking sequence that satisfies the reliability constraint is the RBO optimal solution.
Flow chart of the algorithm
The whole process of the present optimization algorithm is shown in Fig.2 . In Fig.2 , add and sub represent the introduction and elimination of the layer, respectively; "F maximization" is the searching process of the maximum frequency of the laminate of current thickness, carried out by determining the layer orientations in sequential order from the outermost to the innermost layer; and "S_larger" is the stacking sequence for 
Numerical Examples

Verification of deterministic optimization algorithm
Frequency constraint optimizations of rectangle laminated plates with different boundary conditions and a simply supported cylindrical shell have been studied to verify the deterministic optimization algorithm. The following material properties are used (T300/5208): E 1 = 181 GPa, E 2 = 10.3 GPa, G 12 = 7.17 GPa, = 0.28, = 1 600 kg/m 3 These optimizations are also solved by the commercial optimization package iSIGHT, in which the multi-island genetic algorithm (MIGA) is used. In MIGA, 10 islands, each with 10 populations, are set to be operated for 10 generations, i.e., totally 1 000 times of frequency analysis are needed for one optimization task. The comparisons between the optimal results of the deterministic optimization algorithm and iSIGHT are shown in Table 1 . In the table, k represents the analysis times used in the optimization process and S, F, and C represent simply-supported, free, and clamped-supported, respectively. In Table 1 , the optimum N obtained through the deterministic optimization algorithm agrees with that obtained through iSIGHT for most cases.
However, for some of the SFSF cases, the deterministic optimization solutions are more optimal than that of iSIGHT. For the cases of SSSS and CCCC and cylindrical shell, k indicates the advantage of the deterministic optimization algorithm in computational efficiency. Also, the situation of the large amount of analysis efforts for o F = 152 Hz and 175
Hz of SFSF can be improved by changing the initial value of N. Moreover, it is noted that all cases of SFSF have an identical solution of [0 N ] s , because it is effective to stiffen the plates by stacking the fibers along the directions of the opposite sides for the opposite simply-supported edges. Fig.3 shows the comparisons of the optimal half ply amount N of the laminated plates under different boundary conditions. There is a common tendency for the three boundary conditions, that is, N increases with the frequency constraint o F rising.
However, the N of SFSF increases with the highest rate, which is increasing by 18 when o F varies from 50 Hz to 175 Hz, while that of CCCC changes with the lowest rate, which is increasing by 3 during the same varying period of o F . Therefore, it can be concluded that the more stiffened the plate is restricted, the much slower the fundamental frequency varies when the layers of the plate increase or decrease. 
RBO results
RBO is performed for the above mentioned structures and then the solutions are compared with those of the deterministic optimization designs as shown in Table 2 . The material properties E 1 , E 2 , G 12 , and are treated as uncorrelated BRV with normal distribution, and their distributed characters are given in Table 3 . The failure probabilities of the deterministic solutions and the RBO solutions are given in Table  2 that the material property uncertainties play the remarkable roles on the laminate fundamental frequency, and should be taken into consideration in the stacking sequence optimization.
Conclusions
The RBO of composite laminate under the fundamental frequency constraint is studied. The total thickness of the laminate is minimized subject to the reliability constraint of fundamental frequency, in terms of the ply orientations and the ply amount. The reliability is evaluated by the response surface method. An optimization algorithm is developed based on that the outer layer has more stiffening effect on the laminate bending frequency than the inner layer, and there is certain correlation between the fundamental frequency and thickness of the laminate. Numerical examples have been presented on laminated plates of different boundary conditions and a laminated cylindrical shell illustrating the advantage of the present optimization algorithm for its efficiency and applicability for the RBO problem under composites frequency constraint, comparing with the all-purpose algorithm in commercial optimization package. The RBO solutions show some differences compared with the deterministic optimization results, which indicate that the fundamental frequency of the laminate is influenced by the uncertainties of the structure. Therefore, in the optimization of composite structures under frequency constraint, the uncertainties of the structure, such as material properties should not be omitted.
